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In this paper, an analytical theory for the diffraction of a Bessel beam of arbitrary order Jl(κr)
on a 2D amplitude grating is presented. The diffraction pattern in the main and fractional Talbot
planes under certain conditions is a lattice of annular microbeams, the diameters of which depend
on the grating period, the illuminating beam diameter, the number of the Talbot plane, and the
topological charge l. For the rings near the optical axis, the latter reproduces l of the illuminating
beam. Experiments carried out on the Novosibirsk free electron laser at a wavelength λ = 141 µm
using gratings with hole diameters of down to d ≈ 2λ, as well as, the numerical simulations, well
support the theory. Since the Laguerre-Gaussian beams can be represented as a superposition of
Bessel beams, results of this paper can be applied to the analysis of the Talbot effect with the
Laguerre-Gaussian beams.
I. INTRODUCTION
In 1836, H. F. Talbot discovered [1], that behind a
periodic linear grating, illuminated by a distant emit-
ting point of intense sunlight, a system of colored lines
with a period equal to the grating period was observed in
planes at equal distances. Since the light source was non-
monochromatic, he observed color lines and stripes alter-
nating with increasing distance. The patterns described
by him in the article can now be easily explained, known
that the distance between the planes of self-imaging (the
Talbot length) depends on the wavelength. In the same
paper, Talbot investigated the diffraction of light on a
two-dimensional periodic lattice of small holes in copper
foil, and also discovered the phenomenon of self-imaging,
although he did not describe the latter in sufficient detail.
J. W. Strutt (Lord Rayleigh) studied in detail the diffrac-
tion of monochromatic light on absorbing gratings in
1881 [2]. He measured the distances between the planes
of self-imaging, and gave a mathematical description of
this phenomenon as light diffraction in the near field. He
derived analytically the distances between the planes of
exact self-imaging, which is the Talbot length equal to
zT = 2p
2/λ, where p is the grating period and λ is the
wavelength. It is worth noting that in the experiments
he also observed images of the grating in the planes at
zT /2 [3].
After about half a century, interest in this phenomenon
was revived, which coincided with the invention of lasers
[4] and the possibility of obtaining coherent monochro-
matic radiation beams, which gave an additional impetus
to further study of the effect. Among many theoretical
papers, references to which can be found in reviews [5–7],
mention should be made of papers [8–11], in which the
modern theory of the Talbot effect was formulated. In
papers [8–10] it was shown that between the planes of
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the exact self-image of the grating, called by the authors
the Fourier images, there are planes in which the grating
images with a higher spatial frequency (Fresnel images)
are observed. In the modern terminology, these planes
are called the main and fractional Talbot planes, in ac-
cordance with the formula that describes their position,
z(j, u, v) = zT (j + β) , β =
u
v , zT =
2p2
λ , (1)
where j = 0, 1, 2, 3... and u are whole numbers, v =
1, 2, 3... is a natural number, u < v, and zT is the Tal-
bot distance. The planes with u = 0 and j > 0 are
the main Talbot planes. With u/v = 1/2 (“half-Talbot
planes”), the image of the grating is also exactly repro-
duced but shifted along both coordinates by half the pe-
riod. In planes with u/v = 1/4 and 3/4 (“quarter-Talbot
planes”), there are observed grating images of double spa-
tial frequency, whereas at u/v = 1/6, 1/3, 2/3, and 5/6,
the patterns have a triple spatial frequency.
Furthers studies have also shown that the appearance
of self-image does not require the full periodicity of the
object, but rather its quasi-periodicity, and the Talbot
effect itself is a special case of the more general Mont-
gomery effect [11]. Lohmann in [12] systematized the
previous studies of the fundamental and fractional Tal-
bot effects and the Montgomery effect. He described the
“Montgomery fractional effect” and gave an elegant ex-
planation of the relationship between these effects using
graphical analysis of the effect in the spectrum of spatial
frequencies. Since the content of our work will be con-
nected with the study of diffraction on periodic gratings,
we will not dwell on this question.
The overwhelming majority of studies on the Talbot
effect were performed with gratings illuminated with the
plane and spherical waves. Only in recent years, sev-
eral publications have appeared in which the diffraction
of beams with orbital angular momentum on linear and
two-dimensional gratings has been studied. In the paper
[13], the Talbot effect on a linear grating was applied to
the detection of topological charge of a vortex Laguerre-
Gaussian beam. In our paper [14], a first experimental
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2and numerical study of the diffraction of vortex Bessel
beams on two-dimensional gratings of circular openings
was carried out. It was discovered that a regular lat-
tice of annular vortex microbeams with a period equal to
the grating period appeared in the Talbot planes. De-
tails of the numerical calculations can be found in [15].
An analytical expression for images in the main Talbot
planes, when a 2D grating was illuminated by a vortex
Bessel beam, was given in brief communication [16]. An-
alytical expressions for images in the main Talbot planes
for phase and amplitude two-dimensional gratings illumi-
nated by vortex Gaussian beams were published in [17].
In [14] we attributed the image of the grating holes
in the form of rings to the illumination of the grating
by a vortex beam. Subsequent analysis, however, led us
to the conclusion that the reason for the appearance of
rings is not the twist of the incident beam, but its mode
composition, namely that the Bessel beams were a su-
perposition of conically converging plane waves. Indeed,
we observed the rings experimentally when the grating
was illuminated by a zero-order Bessel beam. The effect
of twisting is that in our case these rings have the same
topological charge as the incident beam. According to
above-mentioned work [17], in the case of a vortex Gaus-
sian beam, other regularities are observed for the topo-
logical charge of the rings in the main Talbot planes. In
this paper, we present an analytical study of the Talbot
effect when a 2D grating is illuminated by a Bessel beam
of arbitrary order and derive the expressions for the main
and fractional Talbot planes. The obtained expressions
are confirmed by the results of experiments and numeri-
cal calculations.
II. TRANSMISSION OF A PLANE WAVE
THROUGH A TWO-DIMENSIONAL GRATING
Let a plane wave be incident normally on a two-
dimensional periodic grating. Directly behind the grat-
ing, in the z = 0 plane, the wave field can be represented
as an infinite series
E(x, y, 0+) =
∑
mn
Emn exp
[
i
2pi
p
(mx+ ny)
]
, (2)
where p is the grating period, and the coefficients Emn
depend on the shape of the holes in the grating. We
calculate the Fourier amplitude of this field using the
well-known representation of the delta function:∫ ∞
−∞
e−ikxdx = 2piδ(k). (3)
As a result, we find
E(kx, ky) =
∫∫
dxdyE(x, y, 0+)e−ikxx−ikyy =
= (2pi)2
∑
mn
Emnδ(kx − 2pim/p)δ(ky − 2pin/p). (4)
The field in the space behind the grating is
E(x, y, z) =
∫∫
dkxdky
(2pi)
2 E(kx, ky)e
ikxx+ikyy+ikzz, (5)
where
kz =
√
k2 − k2x − k2y ≈ k −
k2x
2k
− k
2
y
2k
. (6)
Substituting (4) into (5) and using the definition of the
Talbot length in (1), we get
E(x, y, z) = eikz
∑
mn
Emn exp
[
i
2pi
p
(mx+ ny)
]
×
× exp
[
−i2pi
zT
(
m2 + n2
)
z
]
. (7)
Comparing (7) and (2), it is easy to see that in the main
Talbot planes
zj = zT j =
2p2
λ
j j = 1, 2, 3, . . . (8)
images of the grating are repeated:
E(x, y, zj) = e
ikzj
∑
mn
Emn exp
[
i
2pi
p
(mx+ ny)
]
. (9)
Recall that the phase factor eikzj does not affect the wave
intensity. The same result can be obtained by solving the
Kirchhoff integral.
III. GRATING WITH ROUND HOLES
Let us find the Fourier series expansion for the trans-
mission function of a two-dimensional grating with a pe-
riod of p and round holes with a diameter of d = 2R < p.
For such a grating, the transmission function is written
as
h(x) =
∑
mn
θ (R− |x− pmn|) , (10)
where for the two-dimensional vectors the notations
x = {x, y} pmn = {mp, np}, (11)
are introduced, and the Heaviside function θ(ξ) is equal
to 0 at ξ < 0 and 1 at ξ > 0. Let us calculate the Fourier
integral
h(k⊥) =
∫∫
d2xe−ik⊥·xh(x), (12)
where k⊥ = {kx, ky} denotes a two-dimensional vector.
Taking into account the periodicity of the function h(x)
3and replacing x with x′ + pmn, we convert the integral
to the sum of the series
h(k⊥) =
∑
mn
e−ik⊥·pmn
∫∫
|x′|<R
d2x′e−ik⊥·x
′
. (13)
It is important that the internal integral here does not
depend on the summation indices and can be expressed
through the Bessel function J1, therefore
h(k⊥) =
2piR
k⊥
J1(k⊥R)
∑
mn
e−ik⊥·pmn (14)
For a rectangular grating, the sum
∑
mn is expressed in
terms of functions well-known in the diffraction theory:
M∑
m=−M
N∑
n=−N
e−iαm−iβn =
=
sin [(M + 1/2)α]
sin[α/2]
sin [(N + 1/2)β]
sin[β/2]
,
where α = kxp and β = kyp. It is noticeably nonzero
only near the points k⊥ = qmn, where (see. Eq. 2)
qmn = {2pim/p, 2pin/p}. (15)
For an infinite grating, the sum of the series is calculated
using the representation of the periodic delta function:
∞∑
m=−∞
(2pi)δ(x− 2pim) =
∞∑
n=−∞
einx. (16)
With its help, from (14) we get
h(k⊥) =
2piR
k⊥
J1(k⊥R)
∑
mn
(2pi/p)
2
δ(k⊥ − qmn) =
=
2piR2
p2
∑
mn
J1(qmnR)
qmnR
(2pi)
2
δ(k⊥ − qmn). (17)
Performing the inverse Fourier transform, we find the
representation of the transmission function as a Fourier
series:
h(x) =
∫∫
d2k⊥
(2pi)
h(k⊥)eik⊥·x =
=
2piR2
p2
∑
mn
J1(qmnR)
qmnR
eiqmn·x. (18)
IV. DIFFRACTION OF THE BESSEL WAVE
Let us try to expand the theory of the Talbot effect
for the case when a cylindrical Bessel wave illuminates a
two-dimensional periodic grating. The cylindrical Bessel
wave
Elκkz = Jl(κr)e
ilφr+ikzz (19)
in the cylindrical coordinate system {r, φr, z} is charac-
terized by the wave numbers κ, l, kz =
√
k2 − κ2 (see,
e. g. [20]). The wave number l is often called “the topo-
logical charge.” The Bessel wave can be represented as a
superposition of plane waves.
Elκkz =
∫∫
d2k⊥
(2pi)
2 aκl(k⊥)e
ik·r, (20)
where k⊥ = {k⊥ cosφk, k⊥ sinφk}, k = {k⊥, kz} and the
Fourier amplitude is written as
aκl(k⊥) = i−leilφk
2pi
κ
δ (k⊥ − κ) . (21)
The plane waves in such a superposition lie on a cone
with an vertex angle
θk = arctan(κ/kz). (22)
By calculating the Fourier amplitude of the field, the
incident cylindrical Bessel wave generates directly behind
the grating, we can apply the method used in section II
to find the diffracted field of the plane wave in the Talbot
planes.
First, we will take into account that the fields directly
in front of the lattice and behind it are related by the
expression
E+(x) = h(x)E−(x), (23)
where h(x) is the grating transmission coefficient. Then
we will express the Fourier amplitude of the field E+(x)
in terms of the Fourier amplitudes of the transmission
function of the grating h(x) and the incident cylindrical
wave E−(x):
E+(k⊥) =
∫∫
d2xe−ik⊥·xh(x)E−(x) =
=
∫∫
d2xe−ik⊥·x
∫∫
d2k′⊥
(2pi)
2 e
ik′⊥·xh(k′⊥)×
×
∫∫
d2k′′⊥
(2pi)
2 e
ik′′⊥·xE−(k′′⊥).
Since∫∫
d2xe−i(k⊥−k
′⊥−k′′⊥)·x = (2pi)2δ(k⊥ − k′⊥ − k′′⊥),
we conclude that
E+(k⊥) =
∫∫
d2k′⊥
(2pi)
2 h(k
′⊥)E−(k⊥ − k′⊥). (24)
The integral of (24) can be calculated analytically by
substitution of the Fourier amplitude h(k′⊥) from (17):
E+(k⊥) =
2piR2
p2
∑
mn
J1(qmnR)
qmnR
E−(k⊥ − qmn). (25)
4In our case, the value E−(k⊥) should be replaced with
the function a(k⊥) from (21). As a result, we obtain the
following expression for the Fourier amplitude of plane
waves in a diffracted field
E+(k⊥) =
2piR2
p2
∑
mn
J1(qmnR)
qmnR
×
× i−leilφ′k 2pi
κ
δ(|k⊥ − qmn| − κ), (26)
where it is necessary to distinguish the indices m and n,
over which the summation is performed, and the azimuth
number l of the incident wave. We also indicate that φ′k
means the azimuthal angle of the two-dimensional vector
k′⊥ = k⊥−qmn. Due to the presence of the delta function
in the expression (26), only vectors k⊥ such that the
length of the vector k′⊥ is κ, i.e.
k⊥ − qmn = {κ cosφ′k, κ sinφ′k},
contribute to the field behind the grating. Each mem-
ber of the series of (26) with given indices m and n is
a superposition of plane waves lying on a cone with a
vertex angle θk = arctan(κ/kz) around the direction of
the vector {qmn, kz} to the center of the image of the
corresponding hole. This angle is exactly equal to the
angle at the vertex of the cone of (22) in the decomposi-
tion into plane waves of the original Bessel wave. As in
the incident Bessel wave, these plane waves are uniformly
distributed on such a cone, since the terms of the series
depend on the angle φ′k only through the phase factor
eilφk′ .
The resulring expression for the spectrum of spatial fre-
quencies indicates that when the grating is illuminated
with a Bessel beam, it can be expected that, unlike the
classical Talbot effect, the “images” of the holes will turn
into rings. This effect was originally discovered in ex-
periment and numerical simulation [14]. For a complete
proof of this statement, one would have to calculate the
integral of (5) for the field of (26):
E(x, z) =
∫∫
d2k⊥
(2pi)
2 E+(k⊥)e
ik⊥·x+ikzz, (27)
where kz ≈ k − k2⊥/2k. Substituting here the expression
(26) for E+(k⊥) and performing the replacement of the
integration variable k⊥ = k′⊥ + qmn, we get
E(x, z) =
2piR2
p2
∑
mn
J1(qmnR)
qmnR
eiqmn·x+ikz×
×
∫∫
dk′⊥
(2pi)
2 i
−leilφ
′
k
2pi
κ
δ(k′⊥ − κ)eik′⊥·x×
× e−i|k′⊥+qmn|2z/2k. (28)
Expression (28) is a general solution for the electric field
behind a periodic grating with round holes of arbitrary
radii illuminated with a Bessel beam of the lth order. If
it were not for the factor e−i|k⊥′+qmn|
2z/2k in the last
line, in the internal integral one could recognize the su-
perposition of plane waves, which makes up a cylindrical
Bessel wave.
V. DIFFRACTION PATTERNS IN THE
TALBOT PLANES
Let us, first, concentrate on the calculation of this
integral in the main and fractional Talbot planes z =
(j + β)zT . Since the contribution to the integral is
made only by such vectors k′⊥, for which |k′⊥| = κ, and
|qmn|2/2k = 2pi ·
(
m2 + n2
)
/zT , then for the last factor
in (28) we obtain:
e−i|k
′⊥+qmn|2z/2k = e−iκ
2(j+β)zT /2k×
× e−i (k′⊥·qmn) (j+β)zT /ke−2pii(m2+n2)(j+β). (29)
The factor e−iκ
2(j+β)zT /2ke−2pii(m
2+n2)(j+β) can be
taken out of the integral, since it does not depend on
k′⊥. Therefore, the desired integral is transformed to
E(x, j, β) =
2piR2
p2
∑
mn
J1(qmnR)
qmnR
eiqmn·x+ikz×
× e−iκ2(j+β)zT /2ke−2pii(m2+n2)(j+β)×
×
∫∫
d2k′⊥
(2pi)
2 i
−leilφ
′
k
2pi
κ
δ(k′⊥ − κ)×
× eik′⊥·xe−i (k′⊥·qmn) (j+β)zT /k. (30)
In the limit of the grating with a small radius of holes,
we obtain approximately
J1 (qmnR)
qmnR
≈ 1
2
.
Then applying summation by the Poisson rule to (30)
(see Appendix A) we get
E(x, j, β) =
piR2
p2
e−iκ
2(j+β)zT /2k+ikz×
×
∑
m′n′
∫∫
dmdne−2piim
′m−2piin′neiqmn·xe−2pii(m
2+n2)(j+β)×
×
∫∫
d2k′⊥
(2pi)
2 i
−leilφ
′
k
2pi
κ
δ(k′⊥ − κ)×
× eik′⊥·xe−i (k′⊥·qmn) (j+β)zT /k . (31)
In the resulting expression, we move from the inte-
gration over m and n to the integration over d2qmn.
Taking into account that dmdn = p2d2qmn/(2pi)
2
and
qmn · pm′n′ = 2piim′m + 2piin′n, we get the general so-
5lution of the problem
E(x, j, β) = piR2e−iκ
2(j+β)zT /2k+ikz×
×
∑
m′n′
∫∫
d2k′⊥
(2pi)
2 i
−leilφ
′
k
2pi
κ
δ(k′⊥ − κ)eik′⊥·x×
×
∫∫
d2qmn
(2pi)
2 e
iqmn[x−pm′n′−k′⊥(j+β)zT /k]]×
× e−2pii(m2+n2)(j+β). (32)
If there were no the last multiplier (e−2pii(m
2+n2)(j+β)),
the integral
I =
∫∫
d2qmn
(2pi)
2 e
iqmn[x−pm′n′−k′⊥(j+β)zT /k]×
× e−2pii(m2+n2)(j+β) (33)
could be calculated easily. Thus, the solution has to be
investigated for particular Talbot planes.
A. Main Talbot planes
We start from the main Talbot planes (β = 0):
exp
(−2pii (m2 + n2) j) = 1. (34)
The integral I over qmn is expressed in terms of the delta
function and we get
I =
∫∫
d2qmn
(2pi)
2 e
iqmn(x−pm′n′−k′⊥zT j/k) =
δ (x− pm′n′ − k′⊥zT j/k) . (35)
Finally,
E(x, j, 0) = piR2e−iκ
2jzT /2k+ikz×
×
∑
m′n′
∫∫
d2k′⊥
(2pi)
2 i
−leilφ
′
k
2pi
κ
δ(k′⊥ − κ)eik′⊥·x×
× δ (x− pm′n′ − k′⊥zT j/k) . (36)
It is seen that the pattern is a lattice of annular beamlets
with centers at the points
x = pm′n′ , (37)
corresponding to the coordinates of the grating openings,
with radii
ρj = κjzT /k = κ
2p2
λk
j = κ
p2
pi
j, (38)
and the same topological charge as that of the illuminat-
ing beam.
B. Half Talbot planes
Now let us substitute into the general solution (32)
the coefficient β = 1/2 corresponding to the Talbot half-
planes (z = zT (j + 1/2)). In this case
exp
[−2pii (m2 + n2) (j + 1/2)] =
= exp
[−pii (m2 + n2)] =
= exp [−pii (m+ n)] = exp [−ip11qmn/2] . (39)
Performing transformations similar to the transforma-
tions in (35)
I =
∫∫
d2qmn
(2pi)
2 e
iqmn(x−pm′n′−k′⊥(j+1/2)zT /k)−p11/2 =
= δ (x− pm′n′ − p11/2− k′⊥(j + 1/2)zT /k) , (40)
we get an expression similar to expression (36)
E(x, j, 1/2) = piR2e−iκ
2(j+1/2)zT /2k+ikz×
×
∑
m′n′
∫∫
d2k′⊥
(2pi)
2 i
−leilφ
′
k
2pi
κ
δ(k′⊥ − κ)eik′⊥·x×
× δ (x− pm′n′ − p11/2− k′⊥(j + 1/2)zT /k) . (41)
From this equation it follows that the rings are shifted
by half a period with some new radii
x = pm′n′ + p11/2, ρj,1/2 = κ
p2
pi
(
j + 12
)
. (42)
C. Fractional Talbot planes
Rings can also occur at the fractional Talbot dis-
tances z = zT (j + u/v). The j + u/v-dependent factor
e−2pii(m
2+n2)(j+u/v) in (32) is periodic in m and n with
the period v (see (1)), which enables expansion of this
expression into the discrete Fourier series [25]
e−2pii(m
2+n2)(j+u/v) = e−2pii
u
v (m
2+n2) =
=
v−1∑
s=0
v−1∑
t=0
aste
−2piism/ve−2piitn/v =
=
v−1∑
s=0
v−1∑
t=0
aste
−iqmn·pst/v (43)
where
ast =
1
v2
v−1∑
m′=0
v−1∑
n′=0
e−2piiu(m
′2+n′2)/veiqm′n′ ·pst/v. (44)
6As a result, we obtain the expression for the electric field,
E(x, j, β) = piR2e−iκ
2(j+β)zT /2k+ikz×
×
∑
m′n′
∫∫
d2k′⊥
(2pi)
2 i
−leilφ
′
k
2pi
κ
δ(k′⊥ − κ)eik′⊥·x×
v−1∑
s=0
v−1∑
t=0
ast · δ (x− pm′n′ − pst/v − k′⊥(j + u/v)zT /k)
(45)
It can be seen that in the fractional planes, a group
of images, the number of which is determined by the
values of the numbers u and v for which the coefficients
ast are not equal to zero, corresponds to each opening
of the grating. Apparently, the number of images is to
be the same as in the case of the classical Talbot effect.
Calculations of the coefficients can be found in articles
[25–27]. In this respect, the results should be consistent
with the classic Talbot effect. The essential difference
for the images obtained by illuminating the arrays of the
Bessel beam is the dependence of the radii of the rings
on all three parameters j, u, and v.
The expression of (45) shows that the ”images” are a
set of rings with the radii
ρjuv = κ
p2
pi
(
j +
u
v
)
(46)
and each multiplied by the factor ast. The radius of the
rings grows up with j and β. It is proportional to the
transverse wave number of the incident Bessel beam and
to the square of the lattice period, and does not depend
on the value of the topological charge of the incident
beam l. The exponential factors in (45) describe the
phase distribution in these rings, i. e. the annular beams
formed in the Talbot planes retain the topological charge
of the illuminating Bessel beam.
D. Condition for existence of annular beamlets
It is clear, that we can observe the rings only if they
do not overlap each other. If the diameter of the rings
exceeds the distance between their centers, the ring struc-
ture collapses. The formula of (46) gives the size of ideal
infinitely thin ring. For real gratings with holes of a finite
radius, the rings have a finite width, but, as calculations
and experiments show, even if the ratio of the hole di-
ameter to the period is equal to 2, the width of the rings
remains relatively small. If we neglect the ring width,
the condition of the existence of annular light beams can
be written as
κ · p
2
pi
·
(
j +
u
v
)
6 p
2 · w, (47)
where w is the factor of multiplication of the “images
” for a particular Talbot plane. For instance, w = 1
for the main Talbot planes (u = 0) and the half-Talbot
planes (u/v = 1/2), whereas w = 2 for the planes with
u/v = 1/4 and 3/4 and w = 3 for u/v = 1/3 and 2/3.
FIG. 1. Conditions for forming periodic lattices of annular
beams in Talbot planes. The lattices are formed if the product
of the transverse wavenumber of the Bessel beam and the
grating period, κp, lies below the curves Y (j;u, v) satisfying
(48). The asterisks denote values of κp corresponding to the
experimental results shown in Fig. 4.
From (47) it follows that the region of existence of the
rings depends on the grating period and the diameter of
the illuminating Bessel beam and can be written as
κp (j, u, v) 6 pi
2 · w(u, v) (j + u/v) = Y (j;u, v). (48)
 j = 0; u/v = 1/2;
 j = 1; u/v = 0;
 j = 2; u/v = 0;
 juv = p/2;
juv= p
2(j+u/v)/ juv
 = p
/2
FIG. 2. Annular dependence of beam radii vs. grating
period in the main and fractional Talbot planes calculated
using (38). The dashed line shows the maximum achievable
radius for each period.
The upper boundaries of the regions of existence of an-
nular beams Y (j;u, v) are drawn in Fig. 1. The arrows
show the κp values corresponding to the parameters of
the experiments (see. Section VI). In Fig. 1, only the
7points corresponding to integer values of j have mean-
ing, and the straight lines are drawn for the convenience
only. If at a certain period of the lattice the rings of the
diffraction pattern overlap, the radii of the rings can be
reduced by expanding the incident beam with a telescopic
system that decreases κ.
The conditions for the existence of ring structures for
several Talbot planes are shown in Fig. 2. It is seen that
with the increase in the number of the main Talbot plane,
it becomes more difficult to form a lattice of annular mi-
crobeams.
VI. EXPERIMENT AND SIMULATION
To verify the results of the analytical studies, we car-
ried out experiments and numerical simulations. The ex-
periments were performed at the wavelength λ = 141 µm
using the setup shown in Fig. 3, with an optical system
slightly modified as compared with [14]. The Gaussian
beam of the Novosibirsk free electron laser was trans-
formed into a Bessel beam of zero, first, or second order
(the topological charges l = 0, 1, 2) using silicon binary
axicons with circular or spiral zones [28]. The Bessel
beam was expanded 4.5 times with a telescopic system
consisting of two parabolic mirrors. The expanded beam
illuminated an amplitude grating of round holes with a
diameter D and a period P . The radial wavenumber of
all the beams κ was equal to 0.44 mm−1 (see [29]). The
diffraction pattern behind the grating was recorded by a
microbolometer array [30] moved along the optical axis
by a motorized translation stage. The numerical simu-
lation was performed within the framework of the scalar
theory of diffraction using the WaveThruMasks program
written in Matlab [31].
FIG. 3. Experimental setup for study of the diffraction of
Bessel beams on amplitude gratings. Spiral phase binary axi-
con transforms Gaussian beam to the Bessel beam, which
is expanded by telescopic system and illuminates amplitude
grating. The diffracted field is recorded by a 320 × 240 mi-
crobolometer array.
In the experiments, we used both conductive and non-
tranparent to radiation dielectric 2D gratings with peri-
ods of 1 to 6 mm and openings of 0.25 to 2 mm. Selected
diffraction patterns obtained experimentally along with
results of both numerical and analytical calculations are
presented in Fig. 4. The results clearly shows that the
ring radii in the main and fractional Talbot planes do not
depend on the illuminating beam topological charge. The
values of radii calculated analytically and obtained exper-
imentally and numerically well agree with each other.
Exp
Sim
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rjuv,
mm
Theory 0.28 0.57 0.57 1.13 2.55
Experiment 0.33±0.05 0.47±0.05 0.47±0.05 1.12±0.05 2.21±0.05
Simulation 0.27±0.05 0.51±0.05 0.51±0.05 1.07±0.05 2.07±0.05
D1P2
(1,0)
1=l
a c d eb
FIG. 4. Examples of diffraction patterns obtained experimen-
tally along with results of numerical calculations for Bessel
beams of zero and first orders. Artificial colors show phase
distribution. Results were obtained at wavelength λ = 0.141
µm. Image size is 16.32× 12.24 mm.
It should be emphasized that the pattern shown in
Fig. 4a was obtained for the grating, the diameter of the
holes in which is equal to only two wavelengths of the
incident radiation. Although formally speaking, under
these conditions, the scalar theory of diffraction is not
applicable, nevertheless, the results of numerical calcu-
lations are in excellent agreement with the experiment.
Note also that the patterns were identical for both metal
and dielectric gratings. In all frames of Fig. 4, the rings
formed in the Talbot planes are clearly visible, because
the condition of (47) is satisfied. The values of the pa-
rameter κp corresponding to these pictures are shown in
Fig. 2 with asterisks. Due to the broadening of the rings,
however, their shape can be distorted, even if the formal
condition of existence is still fulfilled, as can be seen, for
example, on the frame obtained with the D2P6 lattice of
the ring.
VII. DISCUSSION
In the first sections of this paper we solved the problem
of the Bessel beam diffraction on a rectangular grating
of small holes. The electric field at an arbitrary point
behind the grating is described by (32). The integral
in this expression cannot be taken in the general form,
however, following the analogy with the diffraction of the
plane wave on a periodic grating, it is reasonable to as-
sume that in our case periodic structures with periods
multiple to the grating period can also be formed in the
Talbot planes.
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FIG. 5. The Talbot carpet calculated for the Bessel beam of
the first order (l = +1) diffracted on a rectangular grating of
round openings 0.25 mm in diameter. Grating period is 1 mm.
Transverse wavenumber of the Bessel beam is 0.44 mm−1.
The yellow arrows shows the borders of the frame presented
in Fig. 4a.
Indeed, from the expressions for the distribution of the
electric field in the main Talbot plane of (36), the half
Talbot plane of (41) and an arbitrary fractional Talbot
plane of (45), it can be seen that a certain periodic struc-
ture of the diffracted wave is observed. Unlike the clas-
sical Talbot effect, we observe not the self-images of the
lattice holes, but rings, the diameters of which depend on
the grating period p, the transverse wavenumber of the
Bessel beam κ, and the indexes j, u, v which define the
Talbot plane. We note here that the diffraction pattern
in the form of single rings, whose diameter does not de-
pend on the order of the Bessel beam l, but depends only
on the wavenumber κ, indicates that these rings are es-
sentially Fourier transforms of conically converging plane
waves, into which Bessel beams can be decomposed.
However, the complexity of the diffraction pattern is
determined not only by the dependence on a larger num-
ber of parameters but also by the fundamental difference
in the geometry. In the case when the grating is illumi-
nated by a wave whose phase is constant (for example,
by a plane or a Gaussian wave), the self-image of the
openings appears already in the nearest Talbot planes
and repeats with increasing distance until all diffraction
orders disperse due to the limited aperture. From this
it follows that, even if the beam is axisymmetric, that
affects the intensity distribution, but does not change
fundamentally the diffraction pattern.
In the case of Bessel beams, the phase of the incident
beam has, in general, both radial and azimuthal depen-
dences, and for higher-order beams, the intensity near
the axis is zero. Already the latter circumstance indicates
that the diffraction pattern near the axis is finally formed
only at a great distance, when the diffraction orders that
come from opposite sides of the beam illuminating the
grating begin to overlap. If we carefully consider the
phase distribution in Fig. 4, obtained by numerical simu-
lation of diffraction patterns, it is easy to see that in the
rings located near the axis, the phase distribution cor-
responds to the azimuthal phase distribution in the illu-
minating beam (Φ = lφ). At a distance from the optical
axis, the dominance of the phase of the illuminating beam
as a whole becomes apparent, which can be explained
by the influence of the zero diffraction order. In this
case, the magnitude and sign of the topological charge of
the microbeams are generally conserved, but the phase
incursion in azimuth becomes not monotonous. In the
analytical solutions, this phase shift, which depends on
the transverse coordinate, is related to the phase factor
k′⊥ · x in the double integral under the sum sign.
The above reasoning is clearly illustrated in Fig. 5, in
which the diffraction pattern shown in Fig. 4a is pre-
sented in the form of a Talbot carpet, that is, a cross-
section of the diffraction field in the xz plane. The
classical Talbot effect ( self-images of the holes) domi-
nates in the Talbot plain (0,1/2), in which the wavelets
from the opposite part of the first Bessel ring does not
interfere. In the planes (1,0) and (1,1/2), the diffrac-
tion pattern becomes asymmetric, and a regular pattern
of annular microbeams is forming in the planes (2,1/2)
and (3,0) near the optical axis. It is easy to calcu-
late that the Huygens waves emerging from the oppo-
site parts of the first Bessel ring intersect an the distance
z ∼ ∆x/(λ/d) = 5/0.14 ≈ 40 mm, which is consistent
with Fig. 5.
VIII. CONCLUSION
In this paper, we derived analytical expressions de-
scribing the diffraction of Bessel beams on a periodic
two-dimensional lattice, and confirmed the results ob-
tained by numerical calculations and experiments. Al-
though the diffraction pattern does not reproduce grat-
ing images, the fact that the periodic system of rings is
observed at the classical Talbot distances makes it pos-
sible to classify this work as a new branch in the theory
of the Talbot effect. By optimizing the parameters of
the gratings and Bessel beams, one can obtain in the
paraxial region a set of ring beams with a given topolog-
ical charge, which can be used to create an optical trap
grating or transfer the mechanical moment to a sequence
9of microturbines, for example, in microfluidic systems.
Another possible application is the excitation of vortex
surface plasmon polaritons by the fire-wire technique on
a Lattice of cylindrical conductors in plasmonic devices.
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Appendix A: Appendixes
Recall the Poisson summation rule (see, for example,
[24]). Suppose we need to calculate the sum of a row
∞∑
m=−∞
f(m). (A1)
Define the function
φ(µ) =
∞∑
m=−∞
f(m+ µ). (A2)
It is periodic with a period of 1, so it can be expanded
into a Fourier series:
φ(µ) =
∞∑
m′=−∞
φm′e
2piim′µ, (A3)
where
φm′ =
∫ 1
0
dµe−2piim
′µφ(µ) =
=
∫ 1
0
dµe−2piim
′µ
∞∑
m=−∞
f(m+ µ) =
=
∞∑
m=−∞
∫ m+1
m
dµe−2piim
′(µ−m)f(µ) =
=
∞∑
m=−∞
∫ m+1
m
dµe−2piim
′µf(µ) =
=
∫ ∞
−∞
dµe−2piim
′µf(µ). (A4)
Note that
∞∑
m=−∞
f(m) = φ(0) =
∞∑
m′=−∞
φm′ .
Substituting the expression for φm′ here, we get
∞∑
m=−∞
f(m) =
∞∑
m′=−∞
∫ ∞
−∞
dµe−2piim
′µf(µ).
Replacing µ with m, we get
∞∑
m=−∞
f(m) =
∞∑
m′=−∞
∞∫
−∞
dme−2piim
′mf(m). (A5)
The generalization to the two-dimensional case is obvi-
ous:
E(x, z) =
∑
m′n′
∞∫
−∞
∞∫
−∞
dm
∞∫
−∞
∞∫
−∞
dnEmne
−2piim′m−2piin′n,
(A6)
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